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a b s t r a c t
For analytic functions f (z) in the open unit disk U, there are many sufficient conditions for
f (z) to be starlike and convex inU. In view of the paper by P.T. Mocanu [P.T. Mocanu, Some
starlikeness conditions for analytic functions, Rev. Roumaine Math. Pures Appl. 33 (1988)
117–124], some extensions of sufficient conditions for f (z) to be starlike of order α and to
be convex of order α are discussed.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
LetA denote the class of functions f (z) of the form
f (z) = z +
∞−
n=2
anzn
that are analytic in the open unit disk U = {z ∈ C : |z| < 1}. Let S be the subclass ofA consisting of all univalent functions
f (z) in U. Also, let S∗(α) denote the subclass ofA consisting of f (z)which satisfy
Re

zf ′(z)
f (z)

> α (z ∈ U)
for some real α (0 5 α < 1).
A function f (z) ∈ S∗(α) is said to be starlike of order α in U. Furthermore, letK(α) denote the subclass ofA consisting
of all functions f (z) satisfying
Re

1+ zf
′′(z)
f ′(z)

> α (z ∈ U)
for some real α (0 5 α < 1) .A function f (z) ∈ K(α) is said to be convex of order α inU. Note that f (z) ∈ K(α) if and only
if zf ′(z) ∈ S∗(α), and that f (z) ∈ S∗(α) if and only if  z0 f (z)t dt ∈ K(α). We say that S∗(0) ≡ S∗ andK(0) ≡ K .
There are many results for conditions for f (z) ∈ A to be in the classes S, S∗, andK . In the present paper, we consider
some results due to Mocanu [1,2], and due to Nunokawa et al. [3].
∗ Corresponding author.
E-mail addresses: nesuyan@yahoo.com (N. Uyanık), melike.aydogan@yeniyuzyil.edu.tr (M. Aydogan), owa@math.kindai.ac.jp, shige21@ican.zaq.ne.jp
(S. Owa).
0893-9659/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2011.03.018
1394 N. Uyanık et al. / Applied Mathematics Letters 24 (2011) 1393–1399
2. Conditions for starlikeness of order α
In order to consider the starlikeness of order α for f (z) ∈ A, we have to recall here the following lemma due to
Mocanu [1].
Lemma 2.1. If f (z) ∈ A satisfiesf ′(z)− 1 < 2√
5
(z ∈ U),
then f (z) ∈ S∗.
Lemma 2.2. If f (z) ∈ A satisfiesarg f ′(z) < π
2
δ (z ∈ U),
then f (z) ∈ S∗, where δ = 0.6165 · · · is the unique root of the equation
2 tan−1 (1− δ)+ (1− 2δ) π = 0.
Applying Lemma 2.1, we derive
Theorem 2.1. If f (z) ∈ A satisfies

f (z)
z
 1
1−α  zf ′(z)
f (z)
− α

− 1+ α
 < 2√5 (1− α) (z ∈ U)
for some real α (0 5 α < 1), then f (z) ∈ S∗(α).
Proof. Let us define the function p(z) by
p(z) =

f (z)
zα
 1
1−α = z + a2
1− α z
2 + · · ·
for f (z) ∈ A. Then p(z) ∈ A and
p′(z)− 1 = 1
1− α


f (z)
z
 1
1−α  zf ′(z)
f (z)
− α

− 1+ α
 < 2√5 (z ∈ U)
by means of the condition of the theorem. Therefore, applying Lemma 2.1, we have that p(z) ∈ S∗.
Note that
zp′(z)
p(z)
= 1
1− α

zf ′(z)
f (z)
− α

.
This shows that
Re

zf ′(z)
f (z)

> α (z ∈ U),
that is, that f (z) ∈ S∗(α). 
If we take α = 12 in Theorem 2.1, then we have
Corollary 2.1. If f (z) ∈ A satisfies

f (z)
z
2  zf ′(z)
f (z)
− 1
2

− 1
2
 < 1√5 = 0.4472 · · · (z ∈ U),
then f (z) ∈ S∗  12 .
Remark 2.1. If we put α = 0 in Theorem 2.1, then we have Lemma 2.1 by Mocanu [1].
Next, we prove
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Theorem 2.2. Let the function p(z) be defined by
p(z) =

f (z)
zα
 1
1−α
(0 5 α < 1)
for f (z) ∈ A. If p(z) satisfiesp′′(z) 5 2√
5
= 0.8944 · · · (z ∈ U),
then f (z) ∈ S∗(α).
Proof. Since p(z) ∈ A andp′(z)− 1 = ∫ z
0
p′′(t)dt
 5 ∫ |z|
0
p′′ ρeiθ  dρ
5
2√
5
|z| < 2√
5
(z ∈ U),
p(z) satisfies the condition of Lemma 2.1. Thus, p(z) ∈ S∗, so that f (z) ∈ S∗(α). 
Letting α = 12 in Theorem 2.2, we have
Corollary 2.2. If f (z) ∈ A satisfies f 2(z)z3

z2f ′′(z)
f (z)
+

1− zf
′(z)
f (z)
2 < 1√5 = 0.4472 · · · (z ∈ U),
then f (z) ∈ S∗  12 .
Applying Lemma 2.2, we show
Theorem 2.3. If f (z) ∈ A satisfiesarg f (z)z

+ (1− α) arg

zf ′(z)
f (z)
− α
 < π2 δ (1− α) (z ∈ U)
for some real α (0 5 α < 1), then f (z) ∈ S∗(α), where δ = 0.6165 · · · is the unique root of the equation
2 tan−1 (1− δ)+ (1− 2δ) π = 0.
Proof. Let us define the function p(z) by
p(z) =

f (z)
zα
 1
1−α = z + a2
1− α z
2 + · · · .
Then p(z) ∈ A and
arg p′(z) = arg

1
1− α

f (z)
z
 1
1−α  zf ′(z)
f (z)
− α

= 1
1− α arg

f (z)
z

+ arg

zf ′(z)
f (z)
− α

.
In view of Lemma 2.2, we see that if
1
1− α
arg f (z)z

+ (1− α) arg

zf ′(z)
f (z)
− α
 < π2 δ (z ∈ U),
then p(z) ∈ S∗. This implies that f (z) ∈ S∗(α). 
Making α = 12 in Theorem 2.3, we have
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Corollary 2.3. If f (z) ∈ A satisfiesarg f (z)z

+ 1
2
arg

zf ′(z)
f (z)
− 1
2
 < π4 δ (z ∈ U),
then f (z) ∈ S∗  12 , where δ = 0.6165 · · · is given in Theorem 2.3.
Remark 2.2. If we take α = 0 in Theorem 2.3, then we have Lemma 2.2 by Mocanu [1].
3. Conditions for convexity of order α
We discuss some conditions for f (z) ∈ A to be convex of order α in U.
Theorem 3.1. If f (z) ∈ A satisfiesf ′(z) α1−α f ′(z)+ 11− α zf ′′(z)

− 1
 < 2√5 = 0.8944 · · · (z ∈ U)
for some real α (0 5 α < 1), then f (z) ∈ K(α).
Proof. Let us define the function p(z) by
p(z) =
∫ z
0

f ′(t)
 1
1−α dt = z + a2
1− α z
2 + · · · .
Further, let
g(z) = zp′(z) = z f ′(z) 11−α = z + 2a2
1− α z
2 + · · · .
It is clear that p(z) ∈ A and g(z) ∈ A. Since
g ′(z) = f ′(z) α1−α f ′(z)+ 1
1− α zf
′′(z)

,
we see thatg ′(z)− 1 = f ′(z) α1−α f ′(z)+ 11− α zf ′′(z)

− 1
 < 2√5 (z ∈ U).
Therefore, Lemma 2.1 gives us that g(z) = zp′ (z) ∈ S∗, which is equivalent to p(z) ∈ K .
Noting that
zp′′(z)
p′(z)
= 1
1− α
zf ′′(z)
f ′(z)
,
we see that
Re

1+ zp
′′(z)
p′(z)

= Re

1+ 1
1− α
zf ′′(z)
f ′(z)

> 0 (z ∈ U).
It follows from the above that f (z) ∈ K(α). This completes the proof the theorem. 
Taking α = 12 in Theorem 3.1, we have
Corollary 3.1. If f (z) ∈ A satisfiesf ′(z) f ′(z)+ 2zf ′′(z)− 1 < 2√
5
= 0.8944 · · · (z ∈ U),
then f (z) ∈ K  12 .
If we make α = 0 in Theorem 3.1, then we have
Corollary 3.2. If f (z) ∈ A satisfiesf ′(z)+ zf ′′(z)− 1 < 2√
5
= 0.8944 · · · (z ∈ U)
then f (z) ∈ K .
N. Uyanık et al. / Applied Mathematics Letters 24 (2011) 1393–1399 1397
Next, we derive
Theorem 3.2. If f (z) ∈ A satisfiesf ′(z) α1−α f ′′(z) 5 1− α√
5
(z ∈ U)
for some real α (0 5 α < 1), then f (z) ∈ K(α).
Proof. If we define the function p(z) by
p(z) =
∫ z
0

f ′(t)
 1
1−α dt,
then we have
zp′(z) = z f ′(z) 11−α .
Further, letting g(z) = zp′(z), we obtain that
g(z) = z + 2a2
1− α z
2 + · · · ∈ A
and g ′(z)− 1 = p′(z)+ zp′′(z)− 1
5
p′(z)− 1+ zp′′(z)
=
∫ z
0
p′′(t)dt
+ zp′′(z)
=
∫ |z|
0
 11− α f ′(t) α1−α f ′′(t)dt
+  11− α f ′(z) α1−α f ′′(z)z

5
2√
5
|z| < 2√
5
(z ∈ U).
Thus, using Lemma 2.1, we have that g(z) ∈ S∗, that is, that zp′(z) ∈ S∗. This means that p(z) ∈ K . Consequently, we
conclude that f (z) ∈ K(α). 
If we take α = 12 in Theorem 3.2, then we have
Corollary 3.3. If f (z) ∈ A satisfiesf ′(z)f ′′(z) 5 1
2
√
5
= 0.2236 · · · (z ∈ U),
then f (z) ∈ K  12 .
If we put α = 0 in Theorem 3.2, then we have the following corollary by Nunokawa et al. [3].
Corollary 3.4. If f (z) ∈ A satisfiesf ′′(z) 5 1√
5
= 0.4472 · · · (z ∈ U),
then f (z) ∈ K .
Furthermore, we have
Theorem 3.3. If f (z) ∈ A satisfiesarg f ′(z)+ (1− α) arg1+ zf ′′(z)f ′(z) − α
 < π2 δ (1− α) (z ∈ U)
for some real α (0 5 α < 1), then f (z) ∈ K(α), where δ = 0.6165 · · · is the unique root of the equation
2 tan−1 (1− δ)+ (1− 2δ) π = 0.
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Proof. If we define the function p(z) by
p(z) =
∫ z
0

f ′(t)
 1
1−α dt = z + a2
1− α z
2 + · · · ,
and the function g(z) by g(z) = zp′(z), then we have that
g ′(z) = 1
1− α

f ′(z)
 1
1−α

1+ zf
′′(z)
f ′(z)
− α

.
Thus, applying Lemma 2.2, we obtain thatarg g ′(z) =  11− α arg f ′(z)+ arg

1+ zf
′′(z)
f ′(z)
− α
 < π2 δ
for z ∈ U, which shows that g(z) ∈ S∗. This give us that p(z) ∈ K , that is, f (z) ∈ K(α). 
Taking α = 12 in Theorem 3.3, we have
Corollary 3.5. If f (z) ∈ A satisfiesarg f ′(z)+ 12 arg

zf ′′(z)
f ′(z)
+ 1
2
 < π4 δ (z ∈ U),
then f (z) ∈ K  12 , where δ is given in Theorem 3.3.
If we put α = 0 in Theorem 3.3, then we obtain
Corollary 3.6. If f (z) ∈ A satisfiesarg f ′(z)+ zf ′′(z) < π
2
δ (z ∈ U),
then f (z) ∈ K , where δ is given in Theorem 3.3.
4. An application of Alexander integral operator
For f (z) ∈ A, the following integration
g(z) =
∫ z
0
f (t)
t
dt = z +
∞−
n=2
an
n
zn
is said to be Alexander integral operator defined by Alexander [4].
Considering the above Alexander integral operator, we derive
Theorem 4.1. If f (z) ∈ A satisfies f (z)z2

zf ′(z)
f (z)
− 1
 < 1√5 = 0.4472 · · · (z ∈ U),
then f (z) ∈ S∗.
Proof. Let us consider the Alexander integral operator
g(z) =
∫ z
0
f (t)
t
dt
for f (z) ∈ A. Then g(z) satisfiesg ′′(z) =  f (z)z2

zf ′(z)
f (z)
− 1
 5 1√5 (z ∈ U).
Therefore, we see that g(z) ∈ K by Corollary 3.4.
Noting that
Re

1+ zg
′′(z)
g ′(z)

= Re

zf ′(z)
f (z)

> 0 (z ∈ U),
we prove f (z) ∈ S∗. 
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